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dynamical musings

« a dynamical system engenders topological data
e |ocal data (e.g. equilibria) and global data (attractors)

e topological data are ordered and measured with algebra

data are ordered by dynamics \

i=—Vf

data have algebraic
invariants (homology) \

two flavors of algebra:
order theory, algebraic topology



...If such rough equations are to be of use it is necessary to study them in rough terms.’
C. Conley, CBMS Monograph (1978)



first, the model of a (Morse-type) gradient system

Morse theory Conley theory
list of ingredients list of ingredients
 Morse index

« Conley index

gradient structure

(height function) * lattice (of attractors)

. Morse homology e connection matrix

gradients are model systems: every dynamical system has ‘gradient structure’

S. Smale, Differentiable dynamical systems, 1967  C. Conley, The gradient structure of a flow |, 1988



Morse indices fixed points

Morse index instability
dimension of We(p)

Morse indices as minimal chain complex (zero differentials)
7 = di u

o, else Morse indices
0 Mg (f) = @ M, <p>
a l.) l pEcrit(f)
o
(.: ZQ (a) D ZQ <b>
|0
/ Zz(c)  boundary operator counts
< _ ey l ) connecting orbits mod 2
Zo(d)
o
d




a height function filters

b (via of sublevel sets)
1 1
— v 0 Zold) & Zy(c) (Y Za(a) & Ty (b) < O
a
¢ <— 0 .
> 0 < Zo(d) < Zo(c) < Zo(a) < 0
g

d
simple dynamics:

non-degenerate equilibria f_l(—OO, Qf] D {ZQ <a> X f(CL) S f(.CU)}

heteroclinic orbits
sublevel set (Morse) subcomplex

1 1
Morse index of b recovered 0 Zo(d) < Zs(c) M Za(a) ® Zz(b) < 0O
as a subquotient M, (b) =

0« Zold) <= Zolc) & Z 0
04 0+ 0 < Zy(b) + 0 = M,(b) = Ln(d) < Zo(c) < Za{a) +




Conley’s focus: attractors, attracting blocks

Conley theory is a purely topological generalization of Morse theory

X compact metric space

a compact set Nis an

|
)

L sublattice of attracting blocks

for general dynamical systems

dynamics given by continuous flow ¢ : R x X — X

if o(t, N) C int(N) for allt > O

Fact: the set of attracting blocks ABlock

IS bounded distributive lattice
AN:=MN V:=U



Birkhoff's theorem

L finite distributive lattice

the poset of elements of L Is
JL):={xeL\{0p}:ifx=AV B, then x = A or x = B}

a join-irreducible has a unique predecessor
JL) > B~ Bel

(P, <) poset the lattice of lower sets is
OP)={UCP: ifxeUand y<xthenyecU}
Ni=0MN V:=U
Fact: O, J are contravariant functors

O(J(L) =L  JO(P))

NP G IIING

f O, J are the
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Conley-Morse Homology |

the Birkhoff transforms give dual perspective to dynamics

B «—— {a,b} L iO(P)
A «—i {3} UUWU(I?) «— U
w
?
e A a k\ b
° l
‘ [ <—I—-> j a
b poset P
of isolated invariant sets
(Morse sets)
A
‘ JL—— P B+— » b
B+— »Inw(B\B) A+—» a

0

L sublattice of attracting blocks



Conley-Morse Homology i

to generalize Morse homology

associate minimal complex to isolated invariant sets ( )

characterized by dynamics at the boundary (local instability)

CH.(b) := Hd(B, B)

= Ho(B, A)
w v\ b
a
{4 |
B [ 4 a
1 tP
‘ *b j ofg%?aeted invariant sets
b: ZQ
A chain complex of Conley indices (1)

| 0 Zo(a) & Zo(a) & Zo(b) - 0 Car B2 D

0

L sublattice of attracting blocks

boundary operator is called the

Franzosa, Mischaikow, McCord, Reineck... Conley-Morse homology is a homology theory



Conley-Morse Homology iii

to generalize Morse homology

Conley indices as input to chain complex
what is the boundary operator?

for L sublattice of attracting blocks and J(L) poset of Morse sets

Theorem (Franzosa, Robbin & Salamon): There exists a
strictly upper triangular - wrt (J(L), <) - boundary operator

A: D CH.(p) ~» € CH.(p)
peJ(L) peJ(L)
so that for any attracting block A in L the homology of
local to global A @ CH,(p) — EB CH,(p)
{pEJ_(L):. p=AS | tpedb: p=Af algebraic representation
IS Isomorphic to He(A) of dynamics

/A is called a

> 01112 caltdin
Ho(B) = Hy(CHq(a) ® CH,(b),A) 0[0[0]0
4 — a 1(0|0
v <+ A/ b 2[0l0l0




computational Conley theory

approximation + data structures



topological spaces are approximated

with cell complexes (cubical, simplicial, polyhedral)
X CR?

approximation by cubical complex o
Definition (Cell complex)

X = (&, <, k,dim) consists of poset (X, <)

with two functions dim: X - Nand k: X x X — k
satisfying:
1. dim is a poset morphism;
2. forall £, e X

b K(£,E)#A0 = ¢ <€ and dim(§) = dim(¢') +1
3. forall £, e X
> k(&€ K€ E) =0

5’// EX

a cell complex X generates
a chain complex (Ce(X), 0)

if the attracting blocks are representable by subcomplexes
then we may compute algebraic invariants, e.g. homology



X cell complex Sub(X) lattice of subcomplexes of X

representation of attracting blocks

Inclusion is a lattice homomorphism

B
1
L » Sub(X)
L sublattice of Sub(X) /attice of
attracting blocks subcomplexes

the Conley indices can be computed for both attractors...
Betti numbers

Ho(A) =(1,1,0)

Hq(B) =(1,0,0)

CH,(A)
CH.(B)

... and the invariant sets (Morse sets)

CHd(a) = Ho(A,0) =(1,1,0) A
CH.(b) = Ho(B,A) =(0,0, 1)



What is the data structure for Conley theory?

L sublattice of attracting blocks Sub(X) lattice of subcomplexes of X
inclusion is lattice morphism i
L » Sub(X)
..applying the Birkhoff transform (contravariant)
(X, =) face poset | J(L) poset of join-irreducibles
SO = (%= X <) D<)

count of cells in the
fiber J(i)~*(b) for each dim.

J(4) b: (0,0,1)

Y

poset morphism a: (36,60, 24)



Axiomization (Conley theoretic data structure)

X cell complex
(X, <) face poset P poset

Definition (P-graded cell complex)

X, P, and a poset morphism v from X to P
%

(X, <) > (P, <)
topological approximation dynamical information
1 b: (0,0,1)
>
a: (36,60, 24)
a graded cell complex determines boundary map is P-graded
a P-graded chain complex (C(X), 0) Opy 70 = p<gq

_ —1
CX) =D () upper triangular wrt P

peP



Axiomization (Connection matrix)

Definition (strict P-graded complex)

P-graded complex with minimal fibers
Opp = 0 for pin P ‘small’ objects

i.e. 0 is strictly upper triangular wrt P

Betti numbers of fiber

(Conley index)
b:(0,0,1)

a:(1,1,0)

goal: replace graded complex with equivalent strict graded complex



a Conley complex is a strict representative of graded chain equivalence class

the boundary operator of a Conley complex is a connection matrix

Theorem: there is a functor € taking a graded complex to a Conley complex

Betti numbers of fiber
¢ (Conley index)

b: (0,0,1) b:(0,0,1)

Y Y

a: (36,60, 24) a:(1,1,0)

under the hood: discrete morse theory small” object

homotopy categories

computational perspective: chain-level data reduction
without loss of homological information

Harker + Mischaikow + S.



computational Conley homology

applications + implementation



application I:

state transition models



topological spaces are approximated
with cell complexes

are approximated

¥ with directed graph F on top cells X'

T lattice of forward invariant sets:
Invset™ (F) :={U Cc X' : F(U) C U}

- <+—
T poset of strongly connected components:
4._ 4_
il ' SC(F) := J(Invset™ (F))
. maximal recurrent sets of graph
__>

f poset SC(F) strongly connected components of F

Xt » SC(F)
T £ [€




state transition models

<« <« - = transversality condition
v g ! T . thereisanedge § — ¢’ between adjacent top cells
e < N . /
4 : : : unless flow is transverse to cl(§) N cl(£')
. . . /
£ L o ¢\ i the direction & — &

b—*
SRR e —
<« \\
et T W I ¢
i et t
coarse lower bound on dynamics

(R R

Theorem: if the graph is a state transition model then there is an extension v

T (X, <)
SC(l e v ) graded cell complex

1. A={v""(a)}.ecosc(r) is a lattice of attracting blocks for ¥
2. C€(X,v) is aConley complex for ¢

Remark: Computations + theorems are valid for any differential equation  ,or 1+ Mischaikow
which is transverse to top cell boundaries in direction indicated | s . vandervorst



state transition models Ii

poset organizes the

l i l l i l l SC(F)-graded global dynamics
T ‘T cell complex
ettt
—p <4— —> <+—
| | l
v v
—> | & [ <« | > || <
| A l
347 |5
—> | e P € > | > |

T T

Connection Matrix Data

1t

Boundaries of 0-cells (by cell index):

- S Cell O (valuation 1) : {}
connection matrix is represented Cell 1 (valuation 0) : {}

' ' Boundaries of 1-cells (by cell index):
with respect to a basis oundaries of 1-cells (by cell index)

4 5 6 Cell 2 (valuation 2) : {0, 1}
. . . Cell 3 (valuation 3) : {0, 1}
different bases give different (1) 1 1 Cell 4 (valuation 0) : {}
Ly C L : . < »  Cell 5 (valuation 1) : {}
qua“tatlve descrlptlons of dynamlcs Az = 211 1 Boundaries of 2-cells (by cell index):
3 \1 1 Cell 6 (valuation 6) : {2, 3, 4, 5}

: . . Cell 7 (valuation 5) : {5}
in this example: four different bases Cell 8 (valuation 4) : {2, 3}

connection matrix as ‘matrix’ connection matrix as data structure



application Ii:

Morse theory on spaces of braids



instantiation: dynamics on braids

Ut = Ugg T f(il?, u, ux)

parabolic dynamics decreases intersections

“\/_*\/

time

‘comparison principle’

_(ul(CE?t) - U2(£C,t)) — u;x + f(a:‘,ul,()) - u?m: o f(CU,U2,O)

1 2
= Uy, — Uy, >0



van den Berg, Ghrist, van der Vorst,
Inventiones Math. 2003

functions lift to braids

strands

Isotopy class, fixed endpoints

dynamics on braid classes

decrease number of intersections



van den Berg, Ghrist, van der Vorst,
Inventiones Math. 2003

functions lift to braids

\ z
Uy

combinatorialization

LI\




Morse theory on braids

Solutions flow across boundary edges

van den Berg, Ghrist, van der Vorst, from lighter colored tiles to darker
Inventiones Math. 2003

skeleton

free strand

Ugo Uq (07,

’LLO|

Braided equilibrium solutions to parabolic PDE state transition model in R2

with periodic boundary conditions
graded cubical complex in R?

Fact: Nontrivial Conley indices imply existence of solutions to PDE
Fact: Nonzero entry in connection matrix between adjacent elements proves existence of connecting orbit



braids |

white nodes have

>
graded chain
Tl equivalence
Conley complex
o= =0
0 3 6 nodeindex
00,1 celldm.
AM L 0 0|0|0]1
3 0|0|0]1
6 1/0]10]0

- SC(F)

no cells (trivial index)

data reduction...

¢

... Without information
reduction t

> ——————

chain-level data compression

144 cells «<— 3 cells
without loss of homological information



braids

275

200

175

S IAVALVAVAAVAY | data can get big

e “W””ﬂiﬁ’ﬂ”‘s.m‘l. -1 g.n. L ————— IS SIS 10 S B I S0 SIS LS I SIS IS 1 B 10 01 010 0101 010 B e S —— e O O e 1 — 0 m.lmm”. ——

—_— — LR S S —— S i3

graded cubical complex in R?

9
@0,0,0,0,0,@ 10 cells
ISC(F)| ~ 1000
994::(0,0.0,0,0, o,@

983:(0,0,0,0,0,0,0,1,0,0)

restrict poset to nodes
with nontrivial index IR ee o

998 :(0,0,0,0,0,0,0,0, 1,0)

)

905 :(0,0,0,0,0,0,0,1,0,0)

967 :(0,0,0,0,0,0,0,1,0,0)

804:(0,0,0,0,0,0,1,0,0,0)

749 :(0,0,0,0,0,1,0,0,0,0)

653:(0,0,0,0,0,1,0,0,0,0)

797:(0,0,0,0,0,1,0,0,0,0)

728 :(0,0,0,0,1,0,0,0,0,0) 622:(0,0,0,0,1,0,0,0,0,0) 574 :(0,0,0,0,1,0,0,0,0,0) COm,O/eX
21 cells
387:(0,0,0,1,0,0,0,0,0,0) 557:(0,0,0,1,1,0,0,0,0,0) 19 nodes

organizes global dynamics

Conley index for each node chain-level data compression

10?2 cells <—= 21 cells
without loss of homological information

50:(0,1,1,0,0,0,0,0,0,0)
0:(1,0,0,0,0,0,0,0,0,0)

9:(1,0,0,0,0,0,0,0,0,0)

~47 min on single 2.5 GHz CPU



braids

order data

':.‘
—=

[

. —.

‘N

Conley-Morse Graph
organizes global dynamics
Conley index for each node

Conley Complex

chain data

Connection Matrix Data

Boundaries of
0 : set()

1 : set()
Boundaries of
2 : {0, 1}
Boundaries of
3 : set()
Boundaries of

4 : {3}

5 : {3}
Boundaries of
6 : {4, 5}

7 : {4, 5}
8 : {4, 5}
9 : set()
Boundaries of
10 : {8, 9,
11 : {8, 9,
12 : {9, 6,
Boundaries of
13 : set()
Boundaries of
14 : {13}
15 : {13}
16 : {13}
Boundaries of
17 : {14,
18 : {16,
19 : {16,

0-cells

l-cells
2-cells

3-cells

4-cells

5-cells
6}
7}
7}
6-cells

7-cells

8-cells

15}
14}
15}

in

in

in

in

in

in

in

in

in

connection matrix
boundaries can be queried from the data structure
chain maps to move cycles back and forth

Conley

Conley
Conley

Conley

Conley

Conley

Conley

Conley

Conley

complex:

complex:
complex:

complex:

complex:

complex:

complex:

complex:

complex:



5-fold cover

Fig. 7. The lifted skeleton of Example 1 with one free strand
from van den Berg, Ghrist, van der \orst,
. Inventiones Math. 2003
Theorem (van den Berg, Ghrist, Vandervorst)

For an n-fold cover of this braid there are at least
3" — 2 nontrivial Conley indices

Compare this estimate to our computational result:

# Nonirvial 200 VGV Estimate ©O Computational Result 6,724
indices
6000
5000
4000
3000
2000 1,15
1000
0 > 7 -—""2'5’1 * 79 241
2 3 4 5

n fold cover of braid

Remark: the 5-fold cover gives a 10-dimensional graded complex containing over 60 billion cells



application i

database approach to dynamics



look at all possible five dimensional braids on three strands
l.e. all braids of this type (positive crossings)

% Ea

compute of all Conley complexes

each braid gives a graded cubical complex with 100,000 cells

’Sg XSgXSg X53X53’27776

of 7776 Conley complexes



database of all Conley complexes for 5-D braids on 3 strands

|~
/N

‘how many braids have precisely n nontrivial Conley indices?’

# Nontrivial
indices
One |1
Two |0
Three 1555
Four 4337
Five 1503
Six 1200
Seven |70
Eight 60
Nine |40
Ten |0
Eleven (10

0 1250 2500 3750 5000




query the database:
‘What are the Conley-Morse graphs that have 11 nontrivial indices?’

all 10 are of this form

query the database:
‘What are the braids that produce 11 nontrivial indices?’

the braids are translates of one of these two (dual) braids

200 1 200 -
175 4 175 -
150 - 150 -
125 1 125 -
100 1 100 -
0.75 1 0.75 -
0.50 1 050 1
0.25 1 0.25 4

0.00 0.00 1




query the database:

‘how many braids produce a Conley index that looks like a periodic orbit?”’

I.e. contain one or more of the following indices

# periodic-type
indices

One

Two

0 1250 2500 3750 5000



query the database:
‘What are the Conley-Morse graphs two or more periodic-type indices?’

all of the 263 are of the following two forms:

= =

upshot: we can examine not only high-dimensional braids,
but also ask questions about dynamics in the space of braids

# periodic-type
indices

One
Two

0 1250 2500 3750 5000



thank you for your attention

Collaborators:
S. Harker

K. Mischaikow
R. van der Vorst




