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…is there a map of the talk?

dynamical systems 
(for ml)

• periodic orbits 

• chaos theory 

• bifurcation theory interlude application 

combinatorialization
• continuous to 

combinatorial and back
• decomposition 

• reconstruction

Conley theory

...
...

...

• combinatorial dynamics • game theory/multi-
agent systems



dynamical systems

on butterflies in your simulation, 
can proverbial straws be more catastrophic than plastic ones? 

why it’s impossible to predict the weather.



given a metric space X

f : X ! X

(for the purposes of this talk) a dynamical system is a continuous map

typical questions one may ask of a dynamical system include:

dynamical systems often include parameters:

f : X ⇥ ⇤ ! X

...

for a particular initial condition, what happens in the long run?  
how does the long run behavior depend upon the initial conditions? 

…on the parameters within the model? 
are there fixed points? i.e. solutions to  

are there periodic orbits? i.e. solutions to 
are there multiple attractors?

f(x) = x
<latexit sha1_base64="bc54XLgl9gUZQYSbBFpdh0Ycm80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFLx4rGA/oF1KNs22sdlkSbLSsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN3O/NYTVZpJ8WAmMfUjPBAsZAQbKzXD8vj8ZtwrltyKOwdaJV5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0WuommMSYjPKAdSwWOqPbT+bVTdGaVPgqlsiUMmqu/J1IcaT2JAtsZYTPUy95M/M/rJCa89lMm4sRQQRaLwoQjI9HsddRnihLDJ5Zgopi9FZEhVpgYG1DBhuAtv7xKmtWKd1Gp3l+WarUsjjycwCmUwYMrqMEd1KEBBB7hGV7hzZHOi/PufCxac042cwx/4Hz+AMvnjpw=</latexit>

fn(x) = x
<latexit sha1_base64="9/GyCtI9XBRMs6WwIVvOdVnD4aY=">AAAB73icbVBNSwMxEJ34WetX1aOXYBHqpexWQS9CwYvHCvYD2rVk02wbms2uSVZalv4JLx4U8erf8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95M/eYTU5pH8t6MY+aFpC95wCkxVmoFD7I0OrsedQtFp+zMgJeJm5EiZKh1C1+dXkSTkElDBdG67Tqx8VKiDKeCTfKdRLOY0CHps7alkoRMe+ns3gk+tUoPB5GyJQ2eqb8nUhJqPQ592xkSM9CL3lT8z2snJrjyUi7jxDBJ54uCRGAT4enzuMcVo0aMLSFUcXsrpgOiCDU2orwNwV18eZk0KmX3vFy5uyhWq1kcOTiGEyiBC5dQhVuoQR0oCHiGV3hDj+gFvaOPeesKymaO4A/Q5w9QOY98</latexit>

‘phase space’



dynamics can be simple (gradient-like)

f : X ! R
ẋ = �rf(x)

xn+1 = xn � �rf(xn)
<latexit sha1_base64="A1iJrHWDwBhqOeI47ykMgG/2kRQ="></latexit>

dynamics: equilibria + heteroclinic orbits

Lee, J. D., et al. (2019). First-order methods almost always avoid strict saddle points. Mathematical programming.



dynamics can be complex…
periodic orbits

google trends: ‘groundhog day’



dynamics can be complex

vector field:two loss functions (zero sum game)

l1(x, y) = xy l2(x, y) = �xy
<latexit sha1_base64="WGASmJ6vJMw70Mm5dV87BaHwxPs=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUtSBUUQCm5cVrAPaEOYTCbt0MnDmYk0hO7d+CtuXCji1h9w5984TbPQ1gP3cjjnXmbucSJGhTSMb62wtLyyulZcL21sbm3v6Lt7bRHGHJMWDlnIuw4ShNGAtCSVjHQjTpDvMNJxRtdTv/NAuKBhcCeTiFg+GgTUoxhJJdl6mdlmdXycHF2Nk/59jNysQWbXZ+rJOLH1ilEzMsBFYuakAnI0bf2r74Y49kkgMUNC9EwjklaKuKSYkUmpHwsSITxCA9JTNEA+EVaa3TKBh0pxoRdyVYGEmfp7I0W+EInvqEkfyaGY96bif14vlt6FldIgiiUJ8OwhL2ZQhnAaDHQpJ1iyRBGEOVV/hXiIOMJSxVdSIZjzJy+Sdr1mntbqt2eVxmUeRxEcgDKoAhOcgwa4AU3QAhg8gmfwCt60J+1Fe9c+ZqMFLd/ZB3+gff4AsM2Zhw==</latexit>

�@l1
@x

,
@l2
@y

�
= (y,�x)

<latexit sha1_base64="Mzi3/a1eM2IA07IGfhk8CjLHveY="></latexit>

instantiation: Generative Adversarial Networks (GANs)

xn+1 = xn � �yn

yn+1 = yn � �xn
<latexit sha1_base64="+aVcVWtrX3fWid04kvobBJEvs6o=">AAACIHicbVDLSgMxFM34rOOr6tJNsAiCWGaqUBGEghuXFewDOsOQSdM2NMkMSUY6DP0UN/6KGxeK6E6/xvSB1NYDgcM553JzTxgzqrTjfFlLyyura+u5DXtza3tnN7+3X1dRIjGp4YhFshkiRRgVpKapZqQZS4J4yEgj7N+M/MYDkYpG4l6nMfE56graoRhpIwX58iDIxKk7hNdwEAh4Br0u4hzBNBCeZ6e/ZjprmmSQLzhFZwy4SNwpKYApqkH+02tHOOFEaMyQUi3XibWfIakpZmRoe4kiMcJ91CUtQwXiRPnZ+MAhPDZKG3YiaZ7QcKzOTmSIK5Xy0CQ50j01743E/7xWojuXfkZFnGgi8GRRJ2FQR3DUFmxTSbBmqSEIS2r+CnEPSYS16dQ2JbjzJy+SeqnonhdLdxeFytW0jhw4BEfgBLigDCrgFlRBDWDwCJ7BK3iznqwX6936mESXrOnMAfgD6/sHdDSgqg==</latexit>

‘gradient descent’ on each loss

Goodfellow, I. et al. (2014). Generative Adversarial Networks. NIPS 2014.



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>



a flap of a butterfly’s wings in Brazil…

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

dynamics can be complex II



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

a flap of a butterfly’s wings in Brazil…



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

a flap of a butterfly’s wings in Brazil…



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

a flap of a butterfly’s wings in Brazil…



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

a flap of a butterfly’s wings in Brazil…



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

a flap of a butterfly’s wings in Brazil…



dynamics can be complex II

Logistic map

f : [0, 1] ! [0, 1]
<latexit sha1_base64="g4qgcmepKKK4XL07COhqUDeTC5Q=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSVEGXBTcuK9gHJKFMppN26GQSZiZCqV34K25cKOLW33Dn3zhps9DWAwOHc+69c+8JU86Udpxvq7Syura+Ud6sbG3v7O7Z+wdtlWSS0BZJeCK7IVaUM0FbmmlOu6mkOA457YSjm9zvPFCpWCLu9TilQYwHgkWMYG2knn0U+fkQgTzn3A18ncxJz646NWcGtEzcglShQLNnf/n9hGQxFZpwrJTnOqkOJlhqRjidVvxM0RSTER5Qz1CBY6qCyWz/KTo1Sh9FiTRPaDRTf3dMcKzUOA5NZYz1UC16ufif52U6ug4mTKSZpoLMP4oyjsyZeRiozyQlmo8NwUQysysiQywx0SayignBXTx5mbTrNfeiVr+7rDYaRRxlOIYTOAMXrqABt9CEFhB4hGd4hTfryXqx3q2PeWnJKnoO4Q+szx92HZRv</latexit>

f(x) = 4x(1� x)
<latexit sha1_base64="tzLXbmGsz3hlcEsk16i6GI4ZkL8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahPViSWtCLUPDisYL9gDaWzXbTLt1swu5GW0L/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHjVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1uZn7rkUrFQnGvJxF1AzwQzGcEayM9+MVxCV2j6rjonI9LvXzBLttzoFXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQin01w3VjTCZIQHtGOowAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/8zqx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiXNStm5KFfuqoVaLY0jCydwCkVw4BJqcAt1aAABCc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz91b5CH</latexit>

xn+1 = f(xn)
<latexit sha1_base64="rPAXMVQxGkwtTtbII6iNcb43BNM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJJUQS9CwYvHCvYD2hA22027dLMJu5vSEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/vouKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg/81sjKhWLxZOeJNSLcF+wkBGsjeTb9tjPxKU7RXcoLI99ceHbJafizIFWiZuTEuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip9NiN1U0wWSI+7RjqMARVV42v3yKzo3SQ2EsTQmN5urviQxHSk2iwHRGWA/UsjcT//M6qQ5vvYyJJNVUkMWiMOVIx2gWA+oxSYnmE0MwkczcisgAS0y0CatoQnCXX14lzWrFvapUH69LtVoeRwFO4QzK4MIN1OAB6tAAAiN4hld4szLrxXq3Phata1Y+cwJ/YH3+AKtTkl8=</latexit>

deviations in  
the 15th decimal

deviation is now on the  
order of the entire phase space …sets off a tornado in Texas.

a flap of a butterfly’s wings in Brazil…



dynamics can be complex III

‘bifurcation diagram’

r
<latexit sha1_base64="E5pP9BnIaaLTpVeDQBuda56+WDs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUVINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A222M8A==</latexit>

is a model parameter

plotted are values visited asymptotically from almost all initial conditions

xn+1 = fr(x) = rxn(1� xn)
<latexit sha1_base64="5IV54yxQKJPD45h/iX2RqooRsPo=">AAACB3icbZDLSgMxFIbP1Futt6pLQYJFaBHLTBXsRii4cVnBXqAtQybNtKGZzJBkpGXozo2v4saFIm59BXe+jelloa0HEj7+/xyS83sRZ0rb9reVWlldW99Ib2a2tnd297L7B3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIObid94oFKxUNzrUUQ7Ae4J5jOCtZHc7PHQTcSZM0bXyHdlflgwIIeuyDvn5i642ZxdtKeFlsGZQw7mVXWzX+1uSOKACk04Vqrl2JHuJFhqRjgdZ9qxohEmA9yjLYMCB1R1kukeY3RqlC7yQ2mO0Giq/p5IcKDUKPBMZ4B1Xy16E/E/rxVrv9xJmIhiTQWZPeTHHOkQTUJBXSYp0XxkABPJzF8R6WOJiTbRZUwIzuLKy1AvFZ2LYunuMlcpz+NIwxGcQB4cuIIK3EIVakDgEZ7hFd6sJ+vFerc+Zq0paz5zCH/K+vwBZe+XDw==</latexit>



dynamics can be complex III

stable  
fixed point

r
<latexit sha1_base64="E5pP9BnIaaLTpVeDQBuda56+WDs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUVINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A222M8A==</latexit>

is a model parameter

xn+1 = fr(x) = rxn(1� xn)
<latexit sha1_base64="5IV54yxQKJPD45h/iX2RqooRsPo=">AAACB3icbZDLSgMxFIbP1Futt6pLQYJFaBHLTBXsRii4cVnBXqAtQybNtKGZzJBkpGXozo2v4saFIm59BXe+jelloa0HEj7+/xyS83sRZ0rb9reVWlldW99Ib2a2tnd297L7B3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIObid94oFKxUNzrUUQ7Ae4J5jOCtZHc7PHQTcSZM0bXyHdlflgwIIeuyDvn5i642ZxdtKeFlsGZQw7mVXWzX+1uSOKACk04Vqrl2JHuJFhqRjgdZ9qxohEmA9yjLYMCB1R1kukeY3RqlC7yQ2mO0Giq/p5IcKDUKPBMZ4B1Xy16E/E/rxVrv9xJmIhiTQWZPeTHHOkQTUJBXSYp0XxkABPJzF8R6WOJiTbRZUwIzuLKy1AvFZ2LYunuMlcpz+NIwxGcQB4cuIIK3EIVakDgEZ7hFd6sJ+vFerc+Zq0paz5zCH/K+vwBZe+XDw==</latexit>

‘bifurcation diagram’

plotted are values visited asymptotically from almost all initial conditions



dynamics can be complex III

stable  
fixed point

bifurcation to stable 
period two orbit

r
<latexit sha1_base64="E5pP9BnIaaLTpVeDQBuda56+WDs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUVINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A222M8A==</latexit>

is a model parameter

xn+1 = fr(x) = rxn(1� xn)
<latexit sha1_base64="5IV54yxQKJPD45h/iX2RqooRsPo=">AAACB3icbZDLSgMxFIbP1Futt6pLQYJFaBHLTBXsRii4cVnBXqAtQybNtKGZzJBkpGXozo2v4saFIm59BXe+jelloa0HEj7+/xyS83sRZ0rb9reVWlldW99Ib2a2tnd297L7B3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIObid94oFKxUNzrUUQ7Ae4J5jOCtZHc7PHQTcSZM0bXyHdlflgwIIeuyDvn5i642ZxdtKeFlsGZQw7mVXWzX+1uSOKACk04Vqrl2JHuJFhqRjgdZ9qxohEmA9yjLYMCB1R1kukeY3RqlC7yQ2mO0Giq/p5IcKDUKPBMZ4B1Xy16E/E/rxVrv9xJmIhiTQWZPeTHHOkQTUJBXSYp0XxkABPJzF8R6WOJiTbRZUwIzuLKy1AvFZ2LYunuMlcpz+NIwxGcQB4cuIIK3EIVakDgEZ7hFd6sJ+vFerc+Zq0paz5zCH/K+vwBZe+XDw==</latexit>

‘bifurcation diagram’

plotted are values visited asymptotically from almost all initial conditions



dynamics can be complex III

stable  
fixed point

chaos

r
<latexit sha1_base64="E5pP9BnIaaLTpVeDQBuda56+WDs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUVINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A222M8A==</latexit>

is a model parameter

xn+1 = fr(x) = rxn(1� xn)
<latexit sha1_base64="5IV54yxQKJPD45h/iX2RqooRsPo=">AAACB3icbZDLSgMxFIbP1Futt6pLQYJFaBHLTBXsRii4cVnBXqAtQybNtKGZzJBkpGXozo2v4saFIm59BXe+jelloa0HEj7+/xyS83sRZ0rb9reVWlldW99Ib2a2tnd297L7B3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIObid94oFKxUNzrUUQ7Ae4J5jOCtZHc7PHQTcSZM0bXyHdlflgwIIeuyDvn5i642ZxdtKeFlsGZQw7mVXWzX+1uSOKACk04Vqrl2JHuJFhqRjgdZ9qxohEmA9yjLYMCB1R1kukeY3RqlC7yQ2mO0Giq/p5IcKDUKPBMZ4B1Xy16E/E/rxVrv9xJmIhiTQWZPeTHHOkQTUJBXSYp0XxkABPJzF8R6WOJiTbRZUwIzuLKy1AvFZ2LYunuMlcpz+NIwxGcQB4cuIIK3EIVakDgEZ7hFd6sJ+vFerc+Zq0paz5zCH/K+vwBZe+XDw==</latexit>

bifurcations: a single straw can break the camel’s back
that is, a small perturbation in parameters can drastically change dynamics

bifurcation to stable 
period two orbit



suppose… that the logistic map is the perfect model 
(say, for the onset of turbulence), and 

suppose… that one can perform a perfect numerical 
simulation…

…with high probability, we will still draw the wrong 
conclusions.

a thought experiment



suppose an experimentalist can measure r to within one 
decimal place

any computation probably will suggest the wrong 
dynamics



Conley’s theory

‘…if such rough equations are to be of use it is necessary to study them in rough terms.’ 
C. Conley

decomposition + reconstruction



decomposition

Morse theory as a rapid prototype, 
Morse graphs for your dynamical system on a napkin, 

how to stop worrying and learn to be robust to perturbations.



returning to simple (Morse-theoretic) dynamics

dynamics: equilibria + heteroclinic orbits

global dynamics are organized by a graph 

sources

saddles

sinks

Morse graph

fixed points become vertices
edge set satisfies the property: 

if there is an orbit from p to q,  
then there is a path from p to q in the Morse graph

p
<latexit sha1_base64="7kJOlTaByXN55iEN6A+ms85ZHOg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaib9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+ANTJjOI=</latexit>

q
<latexit sha1_base64="F+aBTM8IpwThWk8CEmDW6oppips=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OIxAfOAZAmzk95kzOzsOjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWN5b8YJ+hEdSB5yRo2V6o+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD9ZNjOM=</latexit>

p
<latexit sha1_base64="7kJOlTaByXN55iEN6A+ms85ZHOg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaib9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+ANTJjOI=</latexit>

q
<latexit sha1_base64="F+aBTM8IpwThWk8CEmDW6oppips=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OIxAfOAZAmzk95kzOzsOjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWN5b8YJ+hEdSB5yRo2V6o+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD9ZNjOM=</latexit>



(isolating) neighborhoods instead of fixed points

at this resolution the  
decomposition remains the same

invariant dynamics must be  
isolated within neighborhood

Inv(N, f) ⇢ int(N)
<latexit sha1_base64="qCPyUXATZxiZMbIOunCp82F2Z3A=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSgkIGE3CloGbbSRCCYRkhBmJ3fNkNnZZeZuMIT8gI2/YmOhiK29nX/j5FH4OjBwOOde7pzjx1IYdN1PJzU3v7C4lF7OrKyurW9kN7dqJko0hyqPZKRvfGZACgVVFCjhJtbAQl9C3e+djf16H7QRkbrGQQytkN0qEQjO0Ert7F4T4Q6HF6o/yl8eBIWmSXwDSKeyUGjlQjubc4vuBPQv8WYkR2aotLMfzU7EkxAUcsmMaXhujK0h0yi4hFGmmRiIGe+xW2hYqlgIpjWcpBnRfat0aBBp+xTSifp9Y8hCYwahbydDhl3z2xuL/3mNBIOTls0UJwiKTw8FiaQY0XE1tCM0cJQDSxjXwv6V8i7TjKMtMGNL8H5H/ktqpaJ3WCxdHeXKp7M60mSH7JI88cgxKZNzUiFVwsk9eSTP5MV5cJ6cV+dtOppyZjvb5Aec9y83L5uj</latexit>

Morse graph

a choice of neighborhoods is a choice of… 
resolution

if there is an orbit from N to N`,  
then there is a path from N to N` in the Morse graph

edge set satisfies the property: 
neighborhoods become vertices

N
<latexit sha1_base64="cs1wJTuO8zuKIhIRDLTd94N88QQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OJJEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZrtSvStWLLI48nMApnIMH11CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gChQYzA</latexit>

N 0
<latexit sha1_base64="OlyMPrl94/vbvGLyAhaOlKVfaLI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoQcJuFPQY8OJJopgHJCHMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970RzdTv/nEtRGResRxzLshHSgRCEbRSg93p71iyS27M5Bl4mWkBBlqveJXpx+xJOQKmaTGtD03xm5KNQom+aTQSQyPKRvRAW9bqmjITTedXTohJ1bpkyDSthSSmfp7IqWhMePQt50hxaFZ9Kbif147weC6mwoVJ8gVmy8KEkkwItO3SV9ozlCOLaFMC3srYUOqKUMbTsGG4C2+vEwalbJ3Ua7cX5aq51kceTiCYzgDD66gCrdQgzowCOAZXuHNGTkvzrvzMW/NOdnMIfyB8/kDAZ6M8Q==</latexit>

N
<latexit sha1_base64="cs1wJTuO8zuKIhIRDLTd94N88QQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OJJEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZrtSvStWLLI48nMApnIMH11CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gChQYzA</latexit>

N 0
<latexit sha1_base64="OlyMPrl94/vbvGLyAhaOlKVfaLI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoQcJuFPQY8OJJopgHJCHMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970RzdTv/nEtRGResRxzLshHSgRCEbRSg93p71iyS27M5Bl4mWkBBlqveJXpx+xJOQKmaTGtD03xm5KNQom+aTQSQyPKRvRAW9bqmjITTedXTohJ1bpkyDSthSSmfp7IqWhMePQt50hxaFZ9Kbif147weC6mwoVJ8gVmy8KEkkwItO3SV9ozlCOLaFMC3srYUOqKUMbTsGG4C2+vEwalbJ3Ua7cX5aq51kceTiCYzgDD66gCrdQgzowCOAZXuHNGTkvzrvzMW/NOdnMIfyB8/kDAZ6M8Q==</latexit>

recurrent

recurrent

non-recurrent 
(gradient-like)



the graph is robust with respect to  
perturbation of the system

choosing  
different neighborhoods

invariant dynamics must be  
isolated within neighborhood

Inv(N, f) ⇢ int(N)
<latexit sha1_base64="qCPyUXATZxiZMbIOunCp82F2Z3A=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSgkIGE3CloGbbSRCCYRkhBmJ3fNkNnZZeZuMIT8gI2/YmOhiK29nX/j5FH4OjBwOOde7pzjx1IYdN1PJzU3v7C4lF7OrKyurW9kN7dqJko0hyqPZKRvfGZACgVVFCjhJtbAQl9C3e+djf16H7QRkbrGQQytkN0qEQjO0Ert7F4T4Q6HF6o/yl8eBIWmSXwDSKeyUGjlQjubc4vuBPQv8WYkR2aotLMfzU7EkxAUcsmMaXhujK0h0yi4hFGmmRiIGe+xW2hYqlgIpjWcpBnRfat0aBBp+xTSifp9Y8hCYwahbydDhl3z2xuL/3mNBIOTls0UJwiKTw8FiaQY0XE1tCM0cJQDSxjXwv6V8i7TjKMtMGNL8H5H/ktqpaJ3WCxdHeXKp7M60mSH7JI88cgxKZNzUiFVwsk9eSTP5MV5cJ6cV+dtOppyZjvb5Aec9y83L5uj</latexit>

a choice of neighborhoods is a choice of… 
resolution



non-recurrent dynamics 
(gradient-like)

unstable fixed point (origin)

attractor

• is robust (valid) over the set of parameters 
• compact representation of global dynamics 
• capable of capturing complex dynamics

decompose dynamics over a set of parameters

a Morse graph …

Morse graph



invariant sets leave algebraic topological footprints, 
Conley-Morse graphs = Morse graphs + Conley indices, 

a one-dimensional zoo.

reconstruction



what is…homology?

relative homology is a mapping (functor)  
from pairs of topological spaces and continuous maps  

to vector spaces and linear maps

pair of topological spaces continuous maps

H•(·)
<latexit sha1_base64="7ZdB8zXpqpVbza/LOY28o088cmk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkpSBcVTwUuPFWwtNCFsNtt26WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvDAVXIPjfFuljc2t7Z3ybmVv/+DwyD4+6eokU5R1aCIS1QuJZoJL1gEOgvVSxUgcCvYUju/n/tOEKc0T+QjTlPkxGUo+4JSAkQLbbgVemAnBoObRKIHLwK46dWcBvE7cglRRgXZgf3lRQrOYSaCCaN13nRT8nCjgVLBZxcs0SwkdkyHrGypJzLSfLy6f4QujRHiQKFMS8EL9PZGTWOtpHJrOmMBIr3pz8T+vn8Hg1s+5TDNgki4XDTKBIcHzGHDEFaMgpoYQqri5FdMRUYSCCatiQnBXX14n3Ubdvao3Hq6rzbsijjI6Q+eohlx0g5qohdqogyiaoGf0it6s3Hqx3q2PZWvJKmZO0R9Ynz/pQZMp</latexit>

dimension 0 dimension 1

S1
<latexit sha1_base64="MzeVvAeTugHvPood8z/6yK9TinE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQfEU8OIxEvOAZA2zk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6vVHr1csuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2Xvoly5vyxVb7I48nACp3AOHlxBFe6gBg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kD0KSNdg==</latexit>

id
<latexit sha1_base64="Qkj8eTWjKBMsBvS6sWmIoM9IVfE=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KkkVFE8FLx4r2A9pQ9lspu3S3STsTsQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUkTQQIES2okGpgIJrWB0M/Vbj6CNiKN7HCfgKzaIRF9whlZ66CI8YSbCSa9UdivuDHSZeDkpkxz1XumrG8Y8VRAhl8yYjucm6GdMo+ASJsVuaiBhfMQG0LE0YgqMn80OntBTq4S0H2tbEdKZ+nsiY8qYsQpsp2I4NIveVPzP66TYv/IzESUpQsTni/qppBjT6fc0FBo4yrEljGthb6V8yDTjaDMq2hC8xZeXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEE4UeSZvJI3RzsvzrvzMW9dcfKZI/IHzucPTtGQtg==</latexit>

point

�
H0(S

1
, {·}), H1(S

1
, {·})) = (0,F

�
<latexit sha1_base64="A+ua+Ld5kafmF7pF6msz5CS6Eo4="></latexit>

H•(id) =
�
0 ! 0,F id�! F

�
<latexit sha1_base64="Mr22lEV0Wy3ne8cuR+o6FriWptA="></latexit>

topology

algebra
pair of vector spaces linear maps

one dimensional `hole’



what is…a Conley index?

(0,0)

Conley index is represented by the tuple

(0, id, 0)
<latexit sha1_base64="MDVp2AH0C3o7B7to3xOUcRp7kZ0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahQilJFRRPBS8eK9haaEPZbDbt0s0m7E6KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeX4iuAbH+bYKa+sbm1vF7dLO7t7+gX141NZxqihr0VjEquMTzQSXrAUcBOskipHIF+zRH93O/McxU5rH8gEmCfMiMpA85JSAkfq2XXGqPWBPkPFgWsXOed8uOzVnDrxK3JyUUY5m3/7qBTFNIyaBCqJ113US8DKigFPBpqVeqllC6IgMWNdQSSKmvWx++RSfGSXAYaxMScBz9fdERiKtJ5FvOiMCQ73szcT/vG4K4bWXcZmkwCRdLApTgSHGsxhwwBWjICaGEKq4uRXTIVGEggmrZEJwl19eJe16zb2o1e8vy42bPI4iOkGnqIJcdIUa6A41UQtRNEbP6BW9WZn1Yr1bH4vWgpXPHKM/sD5/AKOMklY=</latexit>

dimension 0 dimension 1 dimension 2

one-dimensional saddle

f
�✓x

y

◆�
=

✓
2 0
0 1

2

◆✓
x
y

◆
=

✓
2x
1
2y

◆

<latexit sha1_base64="Wdz6sTEZODdERSv1GpgH0gHXxrU=">AAACqXicbVHLSgMxFM2M7/FVdekmWCyKUGaqoAiC4MaFCwv2gU0pmfRODc1khiQjDkP/zW9w59+Y1oL2cSFwOPfcR84NU8G18f1vx11ZXVvf2Nzytnd29/ZLB4dNnWSKQYMlIlHtkGoQXELDcCOgnSqgcSigFQ4fxvnWOyjNE/li8hS6MR1IHnFGjaV6pc+IhHxwhj0SwoDLIo2pUfxj5H0QgnMCsv9HjZXn3t2itoYr2MeEeL 4FJFKUFcGoqNmKufolI/Cs5m6xuZV5/5rms117pbJf9SeBF0EwBWU0jede6Yv0E5bFIA0TVOtO4KemW1BlOBNgt8w0pJQN6QA6Fkoag+4WE6dH+NQyfRwlyj5p8IT9X1HQWOs8Dq3S7vem53Njclmuk5nopltwmWYGJPsdFGUCmwSPz4b7XAEzIreAMsXtrpi9UWuKscf1rAnB/JcXQbNWDS6rtfpV+f52ascmOkYn6AwF6Brdo0f0jBqIORXnyWk4TffCrbtt9/VX6jrTmiM0Ey77Ab8Y0GQ=</latexit>

• stable algebraic-topological invariant of invariant sets 
• for continuous-time flows or discrete-time maps 
• coarsely quantifies unstable dynamics

roughly: one-dimensional 
unstable dynamics



f(x) = 2.75x(1� x)
<latexit sha1_base64="MIVV2KN5Vm2YwcgGlYzLdGQMjNE=">AAAB+nicbVDLTgJBEOz1ifha9OhlIjGBg5td1MDFhMSLR0zkkQAhs8MsTJh9ZGZWISuf4sWDxnj1S7z5Nw6wBwUr6aRS1Z3uLjfiTCrb/jbW1jc2t7YzO9ndvf2DQzN31JBhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3Qz85sPVEgWBvdqEtGujwcB8xjBSks9M+cVxkV0jUpW+WpccM7HxZ6Zty17DrRKnJTkIUWtZ351+iGJfRoowrGUbceOVDfBQjHC6TTbiSWNMBnhAW1rGmCfym4yP32KzrTSR14odAUKzdXfEwn2pZz4ru70sRrKZW8m/ue1Y+VVugkLoljRgCwWeTFHKkSzHFCfCUoUn2iCiWD6VkSGWGCidFpZHYKz/PIqaZQs58Iq3V3mq5U0jgycwCkUwIEyVOEWalAHAo/wDK/wZjwZL8a78bFoXTPSmWP4A+PzB0o1kWY=</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

unstable fixed point  
(origin) stable fixed point

we are here

r = 2.75
<latexit sha1_base64="+FnLLn/tGAOVbh4PyPzGH1O8ivg=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8LbtVqQeFghePFewHtEvJptk2NJtdk6xQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL0gE18Z1v9HK6tr6xmZhq7i9s7u3Xzo4bOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN1O/dYTU5rH8sGME+ZHZCB5yCkxVmorfIMrTvWyVyq7jjsDXiZeTsqQo94rfXX7MU0jJg0VROuO5ybGz4gynAo2KXZTzRJCR2TAOpZKEjHtZ7N7J/jUKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp8/jPleMGjG2hFDF7a2YDoki1NiIijYEb/HlZdKsON65U7m/KNeu8zgKcAwncAYeVKEGd1CHBlAQ8Ayv8IYe0Qt6Rx/z1hWUzxzBH6DPH9iQjoM=</latexit>

Logistic redux

f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>



f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

reconstruction via Conley index

exit set L
<latexit sha1_base64="PMrZ8mr4ukMi3LHDGlWHNzO4VEY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6iYMqAjYVFAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49u5335CpXksH8wkQT+iQ8lDzqixUuO+Xyy5ZXcBsk68jJQgQ71f/OoNYpZGKA0TVOuu5ybGn1JlOBM4K/RSjQllYzrErqWSRqj96eLQGbmwyoCEsbIlDVmovyemNNJ6EgW2M6JmpFe9ufif101NWPWnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVsndVrjSuS7VqFkcezuAcLsGDG6jBHdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCh1YzK</latexit>

N
<latexit sha1_base64="PUReiMaXyOC9SJxO9qz1CN5Hl/4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNe77xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLg6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSEVX/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flSuO6VKtmceThDM7hEjy4gRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB6TdjMw=</latexit>

isolating  
neighborhood

induced self-map(pointed) quotient space

(N/L, [L])
<latexit sha1_base64="4AVCoUXcO+jAW9fBajOdM8efjSc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahgtSkCvZY8OKhSAX7IWkom+2mXbqbhN2NUEJ/hRcPinj153jz37htc9Dqg4HHezPMzPNjzpS27S8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChnIW1ppjntxpJi4XPa8cfXM7/zSKViUXivJzH1BB6GLGAEayM9lG/PG2duwzvtF0t2xZ4D/SVORkqQodkvfvYGEUkEDTXhWCnXsWPtpVhqRjidFnqJojEmYzykrqEhFlR56fzgKToxygAFkTQVajRXf06kWCg1Eb7pFFiP1LI3E//z3EQHNS9lYZxoGpLFoiDhSEdo9j0aMEmJ5hNDMJHM3IrICEtMtMmoYEJwll/+S9rVinNRqd5dluq1LI48HMExlMGBK6jDDTShBQQEPMELvFrSerberPdFa87KZg7hF6yPb9cPjxg=</latexit>

fN,L : (N/L, [L]) ! (N/L, [L])
<latexit sha1_base64="0+nmTX7r5WNM2SJOu+yCXzNncv0=">AAACDXicbVDNS8MwHE3n15xfVY9eilOYMGY7BXccePEwxgT3AW0ZaZZuYWlaklQYZf+AF/8VLx4U8erdm/+N6VZQNx8EXt7vI3nPiygR0jS/tNzK6tr6Rn6zsLW9s7un7x90RBhzhNsopCHveVBgShhuSyIp7kUcw8CjuOuNr9N69x5zQUJ2JycRdgM4ZMQnCEol9fUTv580y42pk65iRql53ijbDffMkeHPpa8XzYo5g7FMrIwUQYZWX/90BiGKA8wkolAI2zIj6SaQS4IonhacWOAIojEcYltRBgMs3GTmZmqcKmVg+CFXh0ljpv6eSGAgxCTwVGcA5Ugs1lLxv5odS7/mJoRFscQMzR/yY2ooq2k0xoBwjCSdKAIRJ+qvBhpBDpFUARZUCNai5WXSqVasi0r19rJYr2Vx5MEROAYlYIErUAc3oAXaAIEH8ARewKv2qD1rb9r7vDWnZTOH4A+0j29JkZka</latexit>

x = 0
<latexit sha1_base64="XAnx7hOPpS9MER3vIam0htVJ2lQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGwVyEgBePEc0DkiXMTnqTIbOzy8ysGEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lgxkn6Ed0IHnIGTVWun+6dnvFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MT52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRVf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWSl7F+XK3WWpVs3iyMMJnMI5eHAFNbiFOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucP1L+Ndw==</latexit>local picture near

(fN,L)• : H•(N/L, [L]) ! H•(N/L, [L])
<latexit sha1_base64="+SOksryfjalULLJNfYzT82FXWcM=">AAACKXicbVBbS8MwGE3nbc7b1EdfikPYYMx2Cu5x4MsexpjgLtCWkmbpFpamJUmFUfZ3fPGv+KKgqK/+EbOtgm47EDg53yU5x4soEdIwPrXMxubW9k52N7e3f3B4lD8+6Yow5gh3UEhD3vegwJQw3JFEUtyPOIaBR3HPG9/O6r0HzAUJ2b2cRNgJ4JARnyAoleTm60XfTVrl5rTk2l5MKZb2bCnTG7/3YuuyWbaaTsmW4RrVzReMijGHvkrMlBRAirabf7UHIYoDzCSiUAjLNCLpJJBLgiie5uxY4AiiMRxiS1EGAyycZO50ql8oZaD7IVeHSX2u/p1IYCDEJPBUZwDlSCzXZuK6mhVLv+YkhEWxxAwtHvJjqivPs9j0AeEYSTpRBCJO1F91NIIcIqnCzakQzGXLq6RbrZhXlerddaFeS+PIgjNwDorABDegDhqgDToAgUfwDN7Au/akvWgf2teiNaOlM6fgH7TvH33/pNw=</latexit>

Conley index is the associated linear map



f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

reconstruction via Conley index

exit set L
<latexit sha1_base64="PMrZ8mr4ukMi3LHDGlWHNzO4VEY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6iYMqAjYVFAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49u5335CpXksH8wkQT+iQ8lDzqixUuO+Xyy5ZXcBsk68jJQgQ71f/OoNYpZGKA0TVOuu5ybGn1JlOBM4K/RSjQllYzrErqWSRqj96eLQGbmwyoCEsbIlDVmovyemNNJ6EgW2M6JmpFe9ufif101NWPWnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVsndVrjSuS7VqFkcezuAcLsGDG6jBHdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCh1YzK</latexit>

N
<latexit sha1_base64="PUReiMaXyOC9SJxO9qz1CN5Hl/4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNe77xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLg6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSEVX/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flSuO6VKtmceThDM7hEjy4gRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB6TdjMw=</latexit>

isolating  
neighborhood

induced self-map(pointed) quotient space

(N/L, [L])
<latexit sha1_base64="4AVCoUXcO+jAW9fBajOdM8efjSc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahgtSkCvZY8OKhSAX7IWkom+2mXbqbhN2NUEJ/hRcPinj153jz37htc9Dqg4HHezPMzPNjzpS27S8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChnIW1ppjntxpJi4XPa8cfXM7/zSKViUXivJzH1BB6GLGAEayM9lG/PG2duwzvtF0t2xZ4D/SVORkqQodkvfvYGEUkEDTXhWCnXsWPtpVhqRjidFnqJojEmYzykrqEhFlR56fzgKToxygAFkTQVajRXf06kWCg1Eb7pFFiP1LI3E//z3EQHNS9lYZxoGpLFoiDhSEdo9j0aMEmJ5hNDMJHM3IrICEtMtMmoYEJwll/+S9rVinNRqd5dluq1LI48HMExlMGBK6jDDTShBQQEPMELvFrSerberPdFa87KZg7hF6yPb9cPjxg=</latexit>

fN,L : (N/L, [L]) ! (N/L, [L])
<latexit sha1_base64="0+nmTX7r5WNM2SJOu+yCXzNncv0=">AAACDXicbVDNS8MwHE3n15xfVY9eilOYMGY7BXccePEwxgT3AW0ZaZZuYWlaklQYZf+AF/8VLx4U8erdm/+N6VZQNx8EXt7vI3nPiygR0jS/tNzK6tr6Rn6zsLW9s7un7x90RBhzhNsopCHveVBgShhuSyIp7kUcw8CjuOuNr9N69x5zQUJ2JycRdgM4ZMQnCEol9fUTv580y42pk65iRql53ijbDffMkeHPpa8XzYo5g7FMrIwUQYZWX/90BiGKA8wkolAI2zIj6SaQS4IonhacWOAIojEcYltRBgMs3GTmZmqcKmVg+CFXh0ljpv6eSGAgxCTwVGcA5Ugs1lLxv5odS7/mJoRFscQMzR/yY2ooq2k0xoBwjCSdKAIRJ+qvBhpBDpFUARZUCNai5WXSqVasi0r19rJYr2Vx5MEROAYlYIErUAc3oAXaAIEH8ARewKv2qD1rb9r7vDWnZTOH4A+0j29JkZka</latexit>

x = 0
<latexit sha1_base64="XAnx7hOPpS9MER3vIam0htVJ2lQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGwVyEgBePEc0DkiXMTnqTIbOzy8ysGEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lgxkn6Ed0IHnIGTVWun+6dnvFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MT52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRVf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWSl7F+XK3WWpVs3iyMMJnMI5eHAFNbiFOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucP1L+Ndw==</latexit>local picture near

doing the computation…

we write the Conley index as (0, 0)
<latexit sha1_base64="nnsbQrcVqD0bCNgA22oDkj3FQXY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKiieCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/N/PYTVZrF8tFMEhoIPJQsYgQbK/lV98I975crbs2dA60SLycVyNHsl796g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2x+7BSdWWWAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vG5qopsgYzJJDZVksShKOTIxmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWXV0mrXvMua/WHq0rjNo+jCCdwClXw4BoacA9N8IEAg2d4hTdHOi/Ou/OxaC04+cwx/IHz+QMTpY2F</latexit>

(fN,L)• = (0 ! 0, 0 ! 0)
<latexit sha1_base64="8q6IKJ9N4BBmHP2L79EAp1Uzx7g=">AAACDXicbVDNS8MwHE3n15xfVY9eglPYYIx2CoogDLx4EJngPmAtJc3SLSxNS5IKo+wf8OK/4sWDIl69e/O/Mdt60M0HIY/3fj+S9/yYUaks69vILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vBq4rcfiJA04vdqFBM3RH1OA4qR0pJnHpUCL72t3IzLnuMnjBEFL2HJclQErQqc3WXPLFpVawq4SOyMFEGGhmd+Ob0IJyHhCjMkZde2YuWmSCiKGRkXnESSGOEh6pOuphyFRLrpNM0YHmulB4NI6MMVnKq/N1IUSjkKfT0ZIjWQ895E/M/rJio4d1PK40QRjmcPBQmDOuOkGtijgmDFRpogLKj+K8QDJBBWusCCLsGej7xIWrWqfVKt3Z0W6xdZHXlwAA5BCdjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MHtHeYvg==</latexit>

(caveat: shift equivalence class)

(fN,L)• : H•(N/L, [L]) ! H•(N/L, [L])
<latexit sha1_base64="+SOksryfjalULLJNfYzT82FXWcM=">AAACKXicbVBbS8MwGE3nbc7b1EdfikPYYMx2Cu5x4MsexpjgLtCWkmbpFpamJUmFUfZ3fPGv+KKgqK/+EbOtgm47EDg53yU5x4soEdIwPrXMxubW9k52N7e3f3B4lD8+6Yow5gh3UEhD3vegwJQw3JFEUtyPOIaBR3HPG9/O6r0HzAUJ2b2cRNgJ4JARnyAoleTm60XfTVrl5rTk2l5MKZb2bCnTG7/3YuuyWbaaTsmW4RrVzReMijGHvkrMlBRAirabf7UHIYoDzCSiUAjLNCLpJJBLgiie5uxY4AiiMRxiS1EGAyycZO50ql8oZaD7IVeHSX2u/p1IYCDEJPBUZwDlSCzXZuK6mhVLv+YkhEWxxAwtHvJjqivPs9j0AeEYSTpRBCJO1F91NIIcIqnCzakQzGXLq6RbrZhXlerddaFeS+PIgjNwDorABDegDhqgDToAgUfwDN7Au/akvWgf2teiNaOlM6fgH7TvH33/pNw=</latexit>

Conley index is the associated linear map

H•(N/L, [L]) = (H0(N/L, [L]), H1(N/L, [L]))

= (0, 0)
<latexit sha1_base64="MSKAqZDhDaXFVufkIZRuBSMez8M="></latexit>



f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

reconstruction via Conley index II

no exit set

local picture 
near attracting fixed point induced self-map(pointed) quotient space

(N/L, [L])
<latexit sha1_base64="4AVCoUXcO+jAW9fBajOdM8efjSc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahgtSkCvZY8OKhSAX7IWkom+2mXbqbhN2NUEJ/hRcPinj153jz37htc9Dqg4HHezPMzPNjzpS27S8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChnIW1ppjntxpJi4XPa8cfXM7/zSKViUXivJzH1BB6GLGAEayM9lG/PG2duwzvtF0t2xZ4D/SVORkqQodkvfvYGEUkEDTXhWCnXsWPtpVhqRjidFnqJojEmYzykrqEhFlR56fzgKToxygAFkTQVajRXf06kWCg1Eb7pFFiP1LI3E//z3EQHNS9lYZxoGpLFoiDhSEdo9j0aMEmJ5hNDMJHM3IrICEtMtMmoYEJwll/+S9rVinNRqd5dluq1LI48HMExlMGBK6jDDTShBQQEPMELvFrSerberPdFa87KZg7hF6yPb9cPjxg=</latexit>

fN,L : (N/L, [L]) ! (N/L, [L])
<latexit sha1_base64="0+nmTX7r5WNM2SJOu+yCXzNncv0=">AAACDXicbVDNS8MwHE3n15xfVY9eilOYMGY7BXccePEwxgT3AW0ZaZZuYWlaklQYZf+AF/8VLx4U8erdm/+N6VZQNx8EXt7vI3nPiygR0jS/tNzK6tr6Rn6zsLW9s7un7x90RBhzhNsopCHveVBgShhuSyIp7kUcw8CjuOuNr9N69x5zQUJ2JycRdgM4ZMQnCEol9fUTv580y42pk65iRql53ijbDffMkeHPpa8XzYo5g7FMrIwUQYZWX/90BiGKA8wkolAI2zIj6SaQS4IonhacWOAIojEcYltRBgMs3GTmZmqcKmVg+CFXh0ljpv6eSGAgxCTwVGcA5Ugs1lLxv5odS7/mJoRFscQMzR/yY2ooq2k0xoBwjCSdKAIRJ+qvBhpBDpFUARZUCNai5WXSqVasi0r19rJYr2Vx5MEROAYlYIErUAc3oAXaAIEH8ARewKv2qD1rb9r7vDWnZTOH4A+0j29JkZka</latexit>

N
<latexit sha1_base64="PUReiMaXyOC9SJxO9qz1CN5Hl/4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNe77xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLg6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSEVX/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flSuO6VKtmceThDM7hEjy4gRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB6TdjMw=</latexit>

isolating  
neighborhood

(fN,L)• : H•(N/L, [L]) ! H•(N/L, [L])
<latexit sha1_base64="+SOksryfjalULLJNfYzT82FXWcM=">AAACKXicbVBbS8MwGE3nbc7b1EdfikPYYMx2Cu5x4MsexpjgLtCWkmbpFpamJUmFUfZ3fPGv+KKgqK/+EbOtgm47EDg53yU5x4soEdIwPrXMxubW9k52N7e3f3B4lD8+6Yow5gh3UEhD3vegwJQw3JFEUtyPOIaBR3HPG9/O6r0HzAUJ2b2cRNgJ4JARnyAoleTm60XfTVrl5rTk2l5MKZb2bCnTG7/3YuuyWbaaTsmW4RrVzReMijGHvkrMlBRAirabf7UHIYoDzCSiUAjLNCLpJJBLgiie5uxY4AiiMRxiS1EGAyycZO50ql8oZaD7IVeHSX2u/p1IYCDEJPBUZwDlSCzXZuK6mhVLv+YkhEWxxAwtHvJjqivPs9j0AeEYSTpRBCJO1F91NIIcIqnCzakQzGXLq6RbrZhXlerddaFeS+PIgjNwDorABDegDhqgDToAgUfwDN7Au/akvWgf2teiNaOlM6fgH7TvH33/pNw=</latexit>

Conley index is the associated linear map



f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

reconstruction via Conley index II

no exit set

local picture 
near attracting fixed point induced self-map(pointed) quotient space

(N/L, [L])
<latexit sha1_base64="4AVCoUXcO+jAW9fBajOdM8efjSc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahgtSkCvZY8OKhSAX7IWkom+2mXbqbhN2NUEJ/hRcPinj153jz37htc9Dqg4HHezPMzPNjzpS27S8rt7K6tr6R3yxsbe/s7hX3D9oqSiShLRLxSHZ9rChnIW1ppjntxpJi4XPa8cfXM7/zSKViUXivJzH1BB6GLGAEayM9lG/PG2duwzvtF0t2xZ4D/SVORkqQodkvfvYGEUkEDTXhWCnXsWPtpVhqRjidFnqJojEmYzykrqEhFlR56fzgKToxygAFkTQVajRXf06kWCg1Eb7pFFiP1LI3E//z3EQHNS9lYZxoGpLFoiDhSEdo9j0aMEmJ5hNDMJHM3IrICEtMtMmoYEJwll/+S9rVinNRqd5dluq1LI48HMExlMGBK6jDDTShBQQEPMELvFrSerberPdFa87KZg7hF6yPb9cPjxg=</latexit>

fN,L : (N/L, [L]) ! (N/L, [L])
<latexit sha1_base64="0+nmTX7r5WNM2SJOu+yCXzNncv0=">AAACDXicbVDNS8MwHE3n15xfVY9eilOYMGY7BXccePEwxgT3AW0ZaZZuYWlaklQYZf+AF/8VLx4U8erdm/+N6VZQNx8EXt7vI3nPiygR0jS/tNzK6tr6Rn6zsLW9s7un7x90RBhzhNsopCHveVBgShhuSyIp7kUcw8CjuOuNr9N69x5zQUJ2JycRdgM4ZMQnCEol9fUTv580y42pk65iRql53ijbDffMkeHPpa8XzYo5g7FMrIwUQYZWX/90BiGKA8wkolAI2zIj6SaQS4IonhacWOAIojEcYltRBgMs3GTmZmqcKmVg+CFXh0ljpv6eSGAgxCTwVGcA5Ugs1lLxv5odS7/mJoRFscQMzR/yY2ooq2k0xoBwjCSdKAIRJ+qvBhpBDpFUARZUCNai5WXSqVasi0r19rJYr2Vx5MEROAYlYIErUAc3oAXaAIEH8ARewKv2qD1rb9r7vDWnZTOH4A+0j29JkZka</latexit>

N
<latexit sha1_base64="PUReiMaXyOC9SJxO9qz1CN5Hl/4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNe77xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLg6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSEVX/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe1flSuO6VKtmceThDM7hEjy4gRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB6TdjMw=</latexit>

isolating  
neighborhood

(fN,L)• : H•(N/L, [L]) ! H•(N/L, [L])
<latexit sha1_base64="+SOksryfjalULLJNfYzT82FXWcM=">AAACKXicbVBbS8MwGE3nbc7b1EdfikPYYMx2Cu5x4MsexpjgLtCWkmbpFpamJUmFUfZ3fPGv+KKgqK/+EbOtgm47EDg53yU5x4soEdIwPrXMxubW9k52N7e3f3B4lD8+6Yow5gh3UEhD3vegwJQw3JFEUtyPOIaBR3HPG9/O6r0HzAUJ2b2cRNgJ4JARnyAoleTm60XfTVrl5rTk2l5MKZb2bCnTG7/3YuuyWbaaTsmW4RrVzReMijGHvkrMlBRAirabf7UHIYoDzCSiUAjLNCLpJJBLgiie5uxY4AiiMRxiS1EGAyycZO50ql8oZaD7IVeHSX2u/p1IYCDEJPBUZwDlSCzXZuK6mhVLv+YkhEWxxAwtHvJjqivPs9j0AeEYSTpRBCJO1F91NIIcIqnCzakQzGXLq6RbrZhXlerddaFeS+PIgjNwDorABDegDhqgDToAgUfwDN7Au/akvWgf2teiNaOlM6fgH7TvH33/pNw=</latexit>

Conley index is the associated linear map

we write the Conley index as (id, 0)
<latexit sha1_base64="qlIvfpJgIiAZYAbFRByvliqHg/o=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmqoHgqePFYwX5AG8pms22XbjZxd1Isob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82PBNTrOt7Wyura+sZnbym/v7O7tFw4OGzpKFGV1GolItXyimeCS1ZGjYK1YMRL6gjX94e3Ub46Y0jySDziOmReSvuQ9TgkaySt1kD1hyoPJuXPWLRSdsjODvUzcjBQhQ61b+OoEEU1CJpEKonXbdWL0UqKQU8Em+U6iWUzokPRZ21BJQqa9dHb0xD41SmD3ImVKoj1Tf0+kJNR6HPqmMyQ40IveVPzPayfYu/ZSLuMEmaTzRb1E2BjZ0wTsgCtGUYwNIVRxc6tNB0QRiianvAnBXXx5mTQqZfeiXLm/LFZvsjhycAwnUAIXrqAKd1CDOlB4hGd4hTdrZL1Y79bHvHXFymaO4A+szx/3CpGL</latexit>

(fN,L)• = (F id�! F, 0 ! 0)
<latexit sha1_base64="l1rcCuOkpnXWIb1hwY9ksxaO6n0="></latexit>

H•(N/L, [L]) = (F, 0)
<latexit sha1_base64="EE8H9wbNi1ygHZ8fxUKerlWP7B8=">AAACDXicbVDLSsNAFJ3UV62vqks3g1VoodSkCoogFATpokgF+4AklMl02g6dTMLMRCihP+DGX3HjQhG37t35N07aLrT1wIXDOfdy7z1eyKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5TBpHApIEDFoi2hyRhlJOGooqRdigI8j1GWt7wOvFbD0RIGvB7NQqJ66M+pz2KkdJSJ3tU7ThexBhR+duTWtGuuQV4BfOOj9TA8+KbcRGahU42Z5bMCeAisWYkB2aod7JfTjfAkU+4wgxJaVtmqNwYCUUxI+OME0kSIjxEfWJrypFPpBtPvhnDY610YS8QuriCE/X3RIx8KUe+pzuTK+W8l4j/eXakehduTHkYKcLxdFEvYlAFMIkGdqkgWLGRJggLqm+FeIAEwkoHmNEhWPMvL5JmuWSdlsp3Z7nK5SyONDgAhyAPLHAOKqAK6qABMHgEz+AVvBlPxovxbnxMW1PGbGYf/IHx+QNtmpk2</latexit>

doing the computation…



gradient-like dynamics

unstable fixed point (origin)

attractor

characterize recurrent dynamics over a set of parameters

Conley-Morse graph = Morse graph + Conley indices

Conley-Morse graph

i.e., robust with respect to parameters

Theorem: If N is an isolating neighborhood for each r in a path connected set, then the 
Conley index associated to N is the same for all fr

<latexit sha1_base64="6pbYKzGjWYbI+oOOZnHr3D0Hifg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+FAD8oVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH06sjcE=</latexit>

(0, 0)
<latexit sha1_base64="gVg/WD8d7NkAglNvrPfqIBKOkUs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJUQY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3lW19nBdrtfzOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABVzjYs=</latexit>

(id, 0)
<latexit sha1_base64="XHvXqu55Kb1S7qZP60ExBunfK0o=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BItQQUpSBT0WvHisYD+gDWWzmbZLN5u4OymW0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR7cxvjUFpHskHnMTghXQgeZ8zikbyyl2EJ0x5ML1wznvFklNx5rBXiZuREslQ7xW/ukHEkhAkMkG17rhOjF5KFXImYFroJhpiykZ0AB1DJQ1Be+n86Kl9ZpTA7kfKlER7rv6eSGmo9ST0TWdIcaiXvZn4n9dJsH/jpVzGCYJki0X9RNgY2bME7IArYCgmhlCmuLnVZkOqKEOTU8GE4C6/vEqa1Yp7WaneX5VqtSyOPDkhp6RMXHJNauSO1EmDMPJInskrebPG1ov1bn0sWnNWNnNM/sD6/AH42JGR</latexit>



a zoo of Conley indices

f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

empty invariant set unstable fixed point stable period 2 orbit

f(x)
<latexit sha1_base64="DYRSGglJa+l4pF8FZwH93XLRt3w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpLD6dDksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsKGnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde8q1r9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDaquNyw==</latexit>

g(x) = x
<latexit sha1_base64="eK+Ga/B5P9eSNiyaMuKZb2QG8RY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgr0IBS8eK9gPaJeSTbNtaJJdk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+a0nqjSL5IOZxNQXeCBZyAg2VmoPSuMLdIPGvULRLbtzoFXiZaQIGeq9wle3H5FEUGkIx1p3PDc2foqVYYTTab6baBpjMsID2rFUYkG1n87vnaJzq/RRGClb0qC5+nsixULriQhsp8BmqJe9mfif10lMWPVTJuPEUEkWi8KEIxOh2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQrZe+yXLm/KtaqWRw5OIUzKIEH11CDO6hDAwhweIZXeHMenRfn3flYtK452cwJ/IHz+QN5Eo7p</latexit>

S1
<latexit sha1_base64="uLvB5pRVT39JEmvMi1SHRmiPTpU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxikEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFSo/Ho9Yslt+wuQNaJl5ESZKj3i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCav+lMskNSjZclGYCmJiMv+bDLhCZsTEEsoUt7cSNqKKMmPTKdgQvNWX10mrUvauypX761KtmsWRhzM4h0vw4AZqcAd1aAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx/QCo10</latexit>

S1
<latexit sha1_base64="uLvB5pRVT39JEmvMi1SHRmiPTpU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxikEcCK5kdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFSo/Ho9Yslt+wuQNaJl5ESZKj3i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCav+lMskNSjZclGYCmJiMv+bDLhCZsTEEsoUt7cSNqKKMmPTKdgQvNWX10mrUvauypX761KtmsWRhzM4h0vw4AZqcAd1aAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx/QCo10</latexit>

Conley  
index: (0, 0)

<latexit sha1_base64="gVg/WD8d7NkAglNvrPfqIBKOkUs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJUQY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3lW19nBdrtfzOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABVzjYs=</latexit>

(0, id)
<latexit sha1_base64="DsN+nBg3EfE3LaQULosUBRO6fuI=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BItQQUpSBT0WvHisYD+gDWWzmbZLN5u4OymW0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR7cxvjUFpHskHnMTghXQgeZ8zikbyys5FF+EJUx5Mz3vFklNx5rBXiZuREslQ7xW/ukHEkhAkMkG17rhOjF5KFXImYFroJhpiykZ0AB1DJQ1Be+n86Kl9ZpTA7kfKlER7rv6eSGmo9ST0TWdIcaiXvZn4n9dJsH/jpVzGCYJki0X9RNgY2bME7IArYCgmhlCmuLnVZkOqKEOTU8GE4C6/vEqa1Yp7WaneX5VqtSyOPDkhp6RMXHJNauSO1EmDMPJInskrebPG1ov1bn0sWnNWNnNM/sD6/AH0TJGR</latexit>

�✓0 1
1 0

◆
, 0
�

<latexit sha1_base64="1u46qvY3Kk3sTGtfVuizJMchD5M=">AAACInicbVDLSgMxFM3UV62vqks3wWKpIGWmCuqu4MZlBfuAzlAy6W0bmskMSUYsQ7/Fjb/ixoWirgQ/xkxbRFsvJJyccw+59/gRZ0rb9qeVWVpeWV3Lruc2Nre2d/K7ew0VxpJCnYY8lC2fKOBMQF0zzaEVSSCBz6HpD69SvXkHUrFQ3OpRBF5A+oL1GCXaUJ38peuzfsn1oc9EEgVES3Y/xjYuYge7rrmK5uGC6P6IJ9hOPcedfMEu25PCi8CZgQKaVa2Tf3e7IY0DEJpyolTbsSPtJURqRjmMc26sICJ0SPrQNlCQAJSXTFYc4yPDdHEvlOYIjSfsb0dCAqVGgW86zZwDNa+l5H9aO9a9Cy9hIoo1CDr9qBdzrEOc5oW7TALVfGQAoZKZWTEdEEmoNqnmTAjO/MqLoFEpO6flys1ZoVqdxZFFB+gQlZCDzlEVXaMaqiOKHtATekGv1qP1bL1ZH9PWjDXz7KM/ZX19AxnIoYQ=</latexit>

H•(N/L, [L]) = (0, 0)
<latexit sha1_base64="oiERC8lKO7KK9vUGPMIDaBpkzLc=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQQqlJFXUjFNx0UaSCfUAawmQ6rUMnkzAzEUrowo2/4saFIm79CHf+jdM2C209cOFwzr3ce48fMSqVZX0bmZXVtfWN7GZua3tnd8/cP2jLMBaYtHDIQtH1kSSMctJSVDHSjQRBgc9Ixx9dT/3OAxGShvxOjSPiBmjI6YBipLTkmfm61/Njxogq3pw0yk7DLcErWLTK0Cp5ZsGqWDPAZWKnpABSND3zq9cPcRwQrjBDUjq2FSk3QUJRzMgk14sliRAeoSFxNOUoINJNZk9M4LFW+nAQCl1cwZn6eyJBgZTjwNedAVL3ctGbiv95TqwGl25CeRQrwvF80SBmUIVwmgjsU0GwYmNNEBZU3wrxPRIIK51bTodgL768TNrVin1aqd6eFWrnaRxZkAdHoAhscAFqoA6aoAUweATP4BW8GU/Gi/FufMxbM0Y6cwj+wPj8Ae24lQA=</latexit>

H•(N/L, [L]) = (0,F)
<latexit sha1_base64="+Q5iFuOLL2gEiiKuMOnj8fXLEnc=">AAACDXicbVDLSsNAFJ3UV62vqks3g1VoodSkiroRCoJ0UaSCfUASymQ6bYdOJmFmIpTQH3Djr7hxoYhb9+78GydtF9p64MLhnHu59x4vZFQq0/w2UkvLK6tr6fXMxubW9k52d68pg0hg0sABC0TbQ5IwyklDUcVIOxQE+R4jLW94nfitByIkDfi9GoXE9VGf0x7FSGmpkz2qdhwvYoyo/O1JrWjX3AK8gnmzCB0fqYHnxTfjQiebM0vmBHCRWDOSAzPUO9kvpxvgyCdcYYaktC0zVG6MhKKYkXHGiSQJER6iPrE15cgn0o0n34zhsVa6sBcIXVzBifp7Ika+lCPf053JiXLeS8T/PDtSvUs3pjyMFOF4uqgXMagCmEQDu1QQrNhIE4QF1bdCPEACYaUDzOgQrPmXF0mzXLJOS+W7s1zlfBZHGhyAQ5AHFrgAFVAFddAAGDyCZ/AK3own48V4Nz6mrSljNrMP/sD4/AFlOpky</latexit>

H•(N/L, [L]) = (F� F, 0)
<latexit sha1_base64="QXHp+/nVT3FrkyCjqJBvh7AJyHg=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoodSZWtSNUBCkiyIV7ANmhiGTpjY08yDJCGXoj7jxV9y4UMSFG/FvTNsBtfVA4OSce7n3Hi9iVEjD+NIyS8srq2vZ9dzG5tb2jr671xZhzDFp4ZCFvOshQRgNSEtSyUg34gT5HiMdb3g58Tv3hAsaBrdyFBHHR3cB7VOMpJJcvVp3bS9mjMjC9XGjZDWcIryABdtHcuB5ydXYDiMWi59/CRpFV88bZWMKuEjMlORBiqarf9i9EMc+CSRmSAjLNCLpJIhLihkZ5+xYkAjhIbojlqIB8olwkul1Y3iklB7sh1y9QMKp+rsjQb4QI99TlZMtxbw3Ef/zrFj2z52EBlEsSYBng/oxgzKEk6hgj3KCJRspgjCnaleIB4gjLFWgORWCOX/yImlXyuZJuXJTzddO0ziy4AAcggIwwRmogTpoghbA4AE8gRfwqj1qz9qb9j4rzWhpzz74A+3zG7OxoGk=</latexit>



interlude

combinatorial dynamics



combinatorial dynamics

vertices = states of the system

directed edges = possible dynamics

graphs can be manipulated by a computer



decomposition

recurrent vs. non-recurrent

cyclic strongly connected component:  
maximal sets of vertices in which any two vertices are connected with a directed path, and  

contains at least one cycle



decomposition II

cyclic  
strongly connected path components

(combinatorial) Morse graph

poset of cyclic  
strongly connected components



‘Our physical world is wiggly… but in nature wiggles don’t come ‘pre-bitted’.  If you want to 
eat a chicken you have to cut it up — it doesn’t come bitten.’ 

A. Watts

combinatorialization

how to go from wiggles to bits and back again



grid elements are vertices
f(x) = 2.75x(1� x)

<latexit sha1_base64="MIVV2KN5Vm2YwcgGlYzLdGQMjNE=">AAAB+nicbVDLTgJBEOz1ifha9OhlIjGBg5td1MDFhMSLR0zkkQAhs8MsTJh9ZGZWISuf4sWDxnj1S7z5Nw6wBwUr6aRS1Z3uLjfiTCrb/jbW1jc2t7YzO9ndvf2DQzN31JBhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3Qz85sPVEgWBvdqEtGujwcB8xjBSks9M+cVxkV0jUpW+WpccM7HxZ6Zty17DrRKnJTkIUWtZ351+iGJfRoowrGUbceOVDfBQjHC6TTbiSWNMBnhAW1rGmCfym4yP32KzrTSR14odAUKzdXfEwn2pZz4ru70sRrKZW8m/ue1Y+VVugkLoljRgCwWeTFHKkSzHFCfCUoUn2iCiWD6VkSGWGCidFpZHYKz/PIqaZQs58Iq3V3mq5U0jgycwCkUwIEyVOEWalAHAo/wDK/wZjwZL8a78bFoXTPSmWP4A+PzB0o1kWY=</latexit>

edge set obeys the property: 

f(⇠i) \ ⇠j 6= ; =) ⇠i ! ⇠j
<latexit sha1_base64="brS7OcIREvc4l+fpAbfnF998POA=">AAACIHicbVBNSwMxFMz6WetX1aOXYBHqpeyqUI+iF48VbCt0S8mmbzWaZNfkrViKP8WLf8WLB0X0pr/GdNuDVgcCw8x75M1EqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+tNm2SGQ4MnMjHnEbMghYYGCpRwnhpgKpLQiq6Ph37rFowViT7DfgodxS60iAVn6KRuqRZXwjvRFTshZykd0qtQww0NQaXYt4ChUO4OsLknQkxGQ91S2a/6OehfEoxJmYxR75Y+wl7CMwUauWTWtgM/xc6AGRRcwn0xzCykjF+zC2g7qpkC2xnkAe/ptlN6NE6Mexpprv7cGDBlbV9FblIxvLST3lD8z2tnGB90BkKnGYLmo4/iTFIXc9gW7QkDHGXfEcaNcLdSfskM4+g6LboSgsnIf0lztxrsVXdP98uHR+M6CmSTbJEKCUiNHJITUicNwskDeSIv5NV79J69N+99NDrljXc2yC94X99Tv6O3</latexit>

such a graph is called an outer approximation of f
<latexit sha1_base64="w51uPKPcfYIKVXXLjAmebakXQMY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AyT2M5A==</latexit>

directed graph

step 1: discretize phase space
(grid on phase space)

step 2: discretize dynamics



edge set obeys the property: 

f(⇠i) \ ⇠j 6= ; =) ⇠i ! ⇠j
<latexit sha1_base64="brS7OcIREvc4l+fpAbfnF998POA=">AAACIHicbVBNSwMxFMz6WetX1aOXYBHqpeyqUI+iF48VbCt0S8mmbzWaZNfkrViKP8WLf8WLB0X0pr/GdNuDVgcCw8x75M1EqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+tNm2SGQ4MnMjHnEbMghYYGCpRwnhpgKpLQiq6Ph37rFowViT7DfgodxS60iAVn6KRuqRZXwjvRFTshZykd0qtQww0NQaXYt4ChUO4OsLknQkxGQ91S2a/6OehfEoxJmYxR75Y+wl7CMwUauWTWtgM/xc6AGRRcwn0xzCykjF+zC2g7qpkC2xnkAe/ptlN6NE6Mexpprv7cGDBlbV9FblIxvLST3lD8z2tnGB90BkKnGYLmo4/iTFIXc9gW7QkDHGXfEcaNcLdSfskM4+g6LboSgsnIf0lztxrsVXdP98uHR+M6CmSTbJEKCUiNHJITUicNwskDeSIv5NV79J69N+99NDrljXc2yC94X99Tv6O3</latexit>

such a graph is called an outer approximation of f
<latexit sha1_base64="w51uPKPcfYIKVXXLjAmebakXQMY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AyT2M5A==</latexit>

grid elements are vertices
f(x) = 2.75x(1� x)

<latexit sha1_base64="MIVV2KN5Vm2YwcgGlYzLdGQMjNE=">AAAB+nicbVDLTgJBEOz1ifha9OhlIjGBg5td1MDFhMSLR0zkkQAhs8MsTJh9ZGZWISuf4sWDxnj1S7z5Nw6wBwUr6aRS1Z3uLjfiTCrb/jbW1jc2t7YzO9ndvf2DQzN31JBhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3Qz85sPVEgWBvdqEtGujwcB8xjBSks9M+cVxkV0jUpW+WpccM7HxZ6Zty17DrRKnJTkIUWtZ351+iGJfRoowrGUbceOVDfBQjHC6TTbiSWNMBnhAW1rGmCfym4yP32KzrTSR14odAUKzdXfEwn2pZz4ru70sRrKZW8m/ue1Y+VVugkLoljRgCwWeTFHKkSzHFCfCUoUn2iCiWD6VkSGWGCidFpZHYKz/PIqaZQs58Iq3V3mq5U0jgycwCkUwIEyVOEWalAHAo/wDK/wZjwZL8a78bFoXTPSmWP4A+PzB0o1kWY=</latexit>

directed graph

step 1: discretize phase space
(grid on phase space)

step 2: discretize dynamics



cyclic strongly connected components

Morse graph

computational homology

compute Conley indices

Conley-Morse graphMorse graph

(0, 0)
<latexit sha1_base64="gVg/WD8d7NkAglNvrPfqIBKOkUs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJUQY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3lW19nBdrtfzOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABVzjYs=</latexit>

(id, 0)
<latexit sha1_base64="XHvXqu55Kb1S7qZP60ExBunfK0o=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BItQQUpSBT0WvHisYD+gDWWzmbZLN5u4OymW0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR7cxvjUFpHskHnMTghXQgeZ8zikbyyl2EJ0x5ML1wznvFklNx5rBXiZuREslQ7xW/ukHEkhAkMkG17rhOjF5KFXImYFroJhpiykZ0AB1DJQ1Be+n86Kl9ZpTA7kfKlER7rv6eSGmo9ST0TWdIcaiXvZn4n9dJsH/jpVzGCYJki0X9RNgY2bME7IArYCgmhlCmuLnVZkOqKEOTU8GE4C6/vEqa1Yp7WaneX5VqtSyOPDkhp6RMXHJNauSO1EmDMPJInskrebPG1ov1bn0sWnNWNnNM/sD6/AH42JGR</latexit>

f(x) = 2.75x(1� x)
<latexit sha1_base64="MIVV2KN5Vm2YwcgGlYzLdGQMjNE=">AAAB+nicbVDLTgJBEOz1ifha9OhlIjGBg5td1MDFhMSLR0zkkQAhs8MsTJh9ZGZWISuf4sWDxnj1S7z5Nw6wBwUr6aRS1Z3uLjfiTCrb/jbW1jc2t7YzO9ndvf2DQzN31JBhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3Qz85sPVEgWBvdqEtGujwcB8xjBSks9M+cVxkV0jUpW+WpccM7HxZ6Zty17DrRKnJTkIUWtZ351+iGJfRoowrGUbceOVDfBQjHC6TTbiSWNMBnhAW1rGmCfym4yP32KzrTSR14odAUKzdXfEwn2pZz4ru70sRrKZW8m/ue1Y+VVugkLoljRgCwWeTFHKkSzHFCfCUoUn2iCiWD6VkSGWGCidFpZHYKz/PIqaZQs58Iq3V3mq5U0jgycwCkUwIEyVOEWalAHAo/wDK/wZjwZL8a78bFoXTPSmWP4A+PzB0o1kWY=</latexit>

Theorem: Conley-Morse graphs arising from outer approximations are valid for the 
underlying system f

<latexit sha1_base64="ZNkPH5TLBo78BXOQutMhdpnLWZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaob9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1GtNS8r9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AMnXjOY=</latexit>

computational recipe



application… 
the global dynamics of games

is there more to a game than its Nash equilibria? 
a long evening with a friend and two pennies, 

how complex is learning to play a game?



player B strategy: choose H with probability     , choose T with probability           y2 = 1� y1
<latexit sha1_base64="760Z/LR9yKLXYWKDNmt+tvW/yLI=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSRVUASh4MVjBfsBaQib7aZdutkNuxMhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0oFN+C6387K6tr6xmZpq7y9s7u3Xzk4bBuVacpaVAmluxExTHDJWsBBsG6qGUkiwTrR6G7qd56YNlzJR8hTFiRkIHnMKQEr+XlYx7fYO89DL6xU3Zo7A14mXkGqqEAzrHz1+opmCZNABTHG99wUgjHRwKlgk3IvMywldEQGzLdUkoSZYDw7eYJPrdLHsdK2JOCZ+ntiTBJj8iSynQmBoVn0puJ/np9BfB2MuUwzYJLOF8WZwKDw9H/c55pRELklhGpub8V0SDShYFMq2xC8xZeXSbte8y5q9YfLauOmiKOEjtEJOkMeukINdI+aqIUoUugZvaI3B5wX5935mLeuOMXMEfoD5/MHIL6P0g==</latexit>

y1
<latexit sha1_base64="653+M/BLPgZplhibsI8E0DksLrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePFY0X5AG8pmu2mXbjZhdyKE0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR8wS7kd0qEQoGEUrPWR9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6E+oRsEkn5Z6qeEJZWM65F1LFY248SfzU6fkzCoDEsbalkIyV39PTGhkTBYFtjOiODLL3kz8z+umGF77E6GSFLlii0VhKgnGZPY3GQjNGcrMEsq0sLcSNqKaMrTplGwI3vLLq6RVq3oX1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx8MHI2d</latexit>

payoff matrices

a learning dynamic governs how player should update their strategy

A =
H T

H

T

✓
1 0
0 1

◆

<latexit sha1_base64="vASyRlKV9WTtuHkuNiBBNrSPmP4="></latexit>

B =
H T

H

T

✓
0 1
1 0

◆

<latexit sha1_base64="qnmOIM3LoomqJRlb2kaEblJ49aw="></latexit>

‘matching pennies’-style game: 
two players (A and B) simultaneously put down a penny, either heads or tails up; 

if same face then player A wins, if opposite faces player B wins

player A strategy: choose H with probability     , choose T with probability           x1
<latexit sha1_base64="2Riey2pBcNash7Juk3cGgTfL62I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkVFE8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7p96Xq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvXuoly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx8Klo2c</latexit>

x2 = 1� x1
<latexit sha1_base64="qcjVVg3+pGn4DdqxudsY7xUWPs4=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sexWQRGEghePFewHbJclm2bb0GyyJFlpKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpRypo3rfjsrq2vrG5uFreL2zu7efungsKllpghtEMmlakdYU84EbRhmOG2niuIk4rQVDe6mfuuJKs2keDSjlAYJ7gkWM4KNlfxhWEW3yDsfhl5YKrsVdwa0TLyclCFHPSx9dbqSZAkVhnCste+5qQnGWBlGOJ0UO5mmKSYD3KO+pQInVAfj2ckTdGqVLoqlsiUMmqm/J8Y40XqURLYzwaavF72p+J/nZya+DsZMpJmhgswXxRlHRqLp/6jLFCWGjyzBRDF7KyJ9rDAxNqWiDcFbfHmZNKsV76JSfbgs127yOApwDCdwBh5cQQ3uoQ4NICDhGV7hzTHOi/PufMxbV5x85gj+wPn8AR2qj9A=</latexit>

suppose A plays H and B plays T, then A’s payoff is AHT=0 and B’s is BTH=1

‘Experience Weighted Attraction’
Camerer, C., et al. (1999). Experience-weighted attraction learning in normal form games. Econometrica.



↵ = 0.18,� =
p
2

<latexit sha1_base64="YDyUZa6zlCMr5Zd/xR8ItXUHVGY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYSkChZBKLhxWcE+oAllMp20QycPZ26EErp046+4caGIWz/BnX/jtM1CWw9cOHPOvcy9x08EV2Db30ZhaXllda24XtrY3NreMXf3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w+uJ33pgUvE4uoNRwryQ9CMecEpAS13z0CUiGRB8hW3LqZ5i12cwebnqXkJWGXfNsm3ZU+BF4uSkjHLUu+aX24tpGrIIqCBKdRw7AS8jEjgVbFxyU8USQoekzzqaRiRkysumh4zxsVZ6OIilrgjwVP09kZFQqVHo686QwEDNexPxP6+TQlD1Mh4lKbCIzj4KUoEhxpNUcI9LRkGMNCFUcr0rpgMiCQWdXUmH4MyfvEiaFcs5syq35+XaZR5HER2gI3SCHHSBaugG1VEDUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QND0peU</latexit>

phase space X = [0, 1]⇥ [0, 1]
<latexit sha1_base64="717kB/Ef8/J1o7d950aE7qr/F1I=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAILqQkVVAEoeDGZQV7gTSUyXTaDp1MwsxECKG+ihsXirj1Qdz5Nk7TLLT1h4GP/5zDOfMHMWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFSWS0BaJeCS7AVaUM0FbmmlOu7GkOAw47QST21m980ilYpF40GlM/RCPBBsygrWx+nale4M858z1e5qFVOXYt6tOzcmFlsEtoAqFmn37qzeISBJSoQnHSnmuE2s/w1Izwum03EsUjTGZ4BH1DApsNvlZfvwUnRhngIaRNE9olLu/JzIcKpWGgekMsR6rxdrM/K/mJXp45WdMxImmgswXDROOdIRmSaABk5RonhrARDJzKyJjLDHRJq+yCcFd/PIytOs197xWv7+oNq6LOEpwBMdwCi5cQgPuoAktIJDCM7zCm/VkvVjv1se8dcUqZirwR9bnDyWckyI=</latexit>

0 0.5 1

0.5

1

0
x1

<latexit sha1_base64="Z9z8Sa8JD8FGBL4+OrImjvVVBhM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHlI2S</latexit>

y1
<latexit sha1_base64="qoYd5k0wbsNESfkRb1ccMuylccQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUesoE3qFTdmjsHWSVeQapQoDmofPWHMUsjlIYJqnXPcxPj51QZzgROy/1UY0LZhI6wZ6mkEWo/n586JedWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCGz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDplG4K3/PIqaddr3mWtfn9VbbhFHCU4hTO4AA+uoQF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5AwkajZM=</latexit>

computational recipe for Conley-Morse theory

1. discretize phase space at chosen scale 

2. build directed graph by outer 
approximating map 

3. find cyclic strongly connected 
components (in color) 

4. compute Conley-Morse graph
player A

pl
ay

er
 B



Nash equilibrium

non-recurrent 
dynamics

non-recurrent 
dynamics

Given this method of learning the game,  
our two players will not converge to the Nash equilibrium!

0 0.5 1

0.5

1

0
x1

<latexit sha1_base64="Z9z8Sa8JD8FGBL4+OrImjvVVBhM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHlI2S</latexit>

y1
<latexit sha1_base64="qoYd5k0wbsNESfkRb1ccMuylccQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUesoE3qFTdmjsHWSVeQapQoDmofPWHMUsjlIYJqnXPcxPj51QZzgROy/1UY0LZhI6wZ6mkEWo/n586JedWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCGz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDplG4K3/PIqaddr3mWtfn9VbbhFHCU4hTO4AA+uoQF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5AwkajZM=</latexit>

stable invariant circle

fixed point;  
2d unstable

Conley index  
‘looks like’

trivial invariant set

0 : (id, id, 0)

1 : (0, 0, id)

2 : (0, 0, 0)

player A

pl
ay

er
 B

↵ = 0.18,� =
p
2

<latexit sha1_base64="YDyUZa6zlCMr5Zd/xR8ItXUHVGY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYSkChZBKLhxWcE+oAllMp20QycPZ26EErp046+4caGIWz/BnX/jtM1CWw9cOHPOvcy9x08EV2Db30ZhaXllda24XtrY3NreMXf3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w+uJ33pgUvE4uoNRwryQ9CMecEpAS13z0CUiGRB8hW3LqZ5i12cwebnqXkJWGXfNsm3ZU+BF4uSkjHLUu+aX24tpGrIIqCBKdRw7AS8jEjgVbFxyU8USQoekzzqaRiRkysumh4zxsVZ6OIilrgjwVP09kZFQqVHo686QwEDNexPxP6+TQlD1Mh4lKbCIzj4KUoEhxpNUcI9LRkGMNCFUcr0rpgMiCQWdXUmH4MyfvEiaFcs5syq35+XaZR5HER2gI3SCHHSBaugG1VEDUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QND0peU</latexit>

phase space X = [0, 1]⇥ [0, 1]
<latexit sha1_base64="717kB/Ef8/J1o7d950aE7qr/F1I=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAILqQkVVAEoeDGZQV7gTSUyXTaDp1MwsxECKG+ihsXirj1Qdz5Nk7TLLT1h4GP/5zDOfMHMWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFSWS0BaJeCS7AVaUM0FbmmlOu7GkOAw47QST21m980ilYpF40GlM/RCPBBsygrWx+nale4M858z1e5qFVOXYt6tOzcmFlsEtoAqFmn37qzeISBJSoQnHSnmuE2s/w1Izwum03EsUjTGZ4BH1DApsNvlZfvwUnRhngIaRNE9olLu/JzIcKpWGgekMsR6rxdrM/K/mJXp45WdMxImmgswXDROOdIRmSaABk5RonhrARDJzKyJjLDHRJq+yCcFd/PIytOs197xWv7+oNq6LOEpwBMdwCi5cQgPuoAktIJDCM7zCm/VkvVjv1se8dcUqZirwR9bnDyWckyI=</latexit>

Conley-Morse graph

Instead, they cycle around the Nash equilibrium  
(groundhog day scenario!).



from zero to one

0 : (id, id, 0)

1 : (0, 0, id)

2 : (0, 0, 0)

0 : (id, id, 0)

1 : (0, 0, id)

A =

✓
1 �.1

�.1 1

◆
B =

✓
�.1 1
1 �.1

◆

<latexit sha1_base64="anvk7BiFiXt3KFhSTW3GAU15dvE="></latexit>

A =

✓
1 �.5

�.5 1

◆
B =

✓
�.5 1
1 �.5

◆

<latexit sha1_base64="OwJyMQ8VCyGEFIvvX51/blk4DtU="></latexit>

A =

✓
1 �1
�1 1

◆
B =

✓
�1 1
1 �1

◆

<latexit sha1_base64="kFwPtXiNTkbulzY7evLfeKMQ5aE="></latexit>

A =

✓
1 0
0 1

◆
B =

✓
0 1
1 0

◆

<latexit sha1_base64="kRQxFmXADJKSUfBipaOFfP9AQQE=">AAACUHicbVFNSwMxEJ2tX3X9qnr0EiyKBym7VdCLUPXiUcFWoVtKNjutwWx2TbJiWfoTvXjzd3jxoGj6IVjrQJjHe/PI5CVMBdfG816dwszs3PxCcdFdWl5ZXSutbzR0kimGdZaIRN2GVKPgEuuGG4G3qUIahwJvwvvzgX7ziErzRF6bXoqtmHYl73BGjaXape4pOSFBiF0u8zSmRvGnPnF9sku8IHA92303QBn9EoOHjEbu2b RvNG5tQ/ukrV0qexVvWGQa+GNQhnFdtksvQZSwLEZpmKBaN30vNa2cKsOZwL4bZBpTyu5pF5sWShqjbuXDQPpkxzIR6STKHmnIkP3tyGmsdS8O7aTd707/1Qbkf1ozM53jVs5lmhmUbHRRJxPEJGSQLom4QmZEzwLKFLe7EnZHFWXG/oFrQ/D/PnkaNKoV/6BSvTos1/bHcRRhC7ZhD3w4ghpcwCXUgcEzvMEHfDovzrvzVXBGoz8dNmGiCu43AmGvHQ==</latexit>

0 : (id, id, 0)

1 : (0, 0, id) 2 : (0, 0, 0)

r
<latexit sha1_base64="PqdGK/XgyMAfbjCp7XTkjXukMYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqp+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANwHjPI=</latexit>

0 : (id, id, 0)

2 : (0, 0, 0)

1 : (0, 0, id)

r = 0
<latexit sha1_base64="W0MJWKwZjYSAG8hzqZeOxRF3rqQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkVFEEoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtSN2yuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/MNY1z</latexit>

r = 1
<latexit sha1_base64="ow55yl1xxx9KvjIvYcw8VPXSwds=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkVFEEoePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KBvvF6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/NuY10</latexit>

payoff matrices depend upon parameter: 
`zero-sum game’

A =

✓
1 �r
�r 1

◆
B =

✓
�r 1
1 �r

◆

<latexit sha1_base64="2w/DnZO1YTfQ/pxPlwrInljTYRA="></latexit>



returning to our dynamical questions…

for a particular initial condition, what happens in the long run?  
how does the long run behavior depend upon the initial conditions?

is there a fixed point? 
is there a periodic orbit? 

are there multiple attractors? 
how does behavior depend on the parameters within the model?

too hard

these may be (partially) answered 
 using Conley theory



thank you for your attention

...
...

...

collaborators: 
Georgios Piliouras, SUTD


